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Abstract 

The Discrete Element Method (DEM) was used to model the 
nanomechanical behavior of Calcium-Silicate-Hydrate (C-S-H). The inter-
particle forces consist of the traditional friction and contact forces that 
operate in granular materials, with the addition of nanometer-scale forces 
between gels, including van der Waals and ionic correlation forces. The 
contact normal forces were based on the Hertz contact law. The van der 
Waals attractive forces were calculated based on Hamaker’s equation. The 
ionic correlation forces, generated from the negative charges on the C-S-H 
gel surface and the ion species in the pore solution, were calculated using 
Monte Carlo (MC) simulations.  The particles are spherical with diameters 
of approximately five nano-meters. Virtual nanoindentation was 
performed to evaluate the elastic modulus and hardness of C-S-H 
nanoparticle assemblies. Both elastic modulus and hardness, calculated 
from DEM, were much smaller than the results from nanoindentation 
experiments for corresponding C-S-H nanoparticle packing densities. By 
using a higher rotational stiffness, both bulk modulus and hardness 
increase and they match well with the experimental data, pointing to the 
possibility that the morphology of C-S-H is far from a perfect sphere and 
interlocking between particles provides significant strength to C-S-H. 
These studies show that the elastic modulus of a C-S-H matrix increases 
with increased packing ratio and rotational resistance, and its hardness 
increases with increased packing ratio, cohesion, rotational resistance and 
shear friction coefficient.  The studies also show that the elastic properties 
of an individual C-S-H nanoparticle have little effect on the elastic 
modulus and hardness of the C-S-H matrix. The studies suggest that 
increasing packing density of the C-S-H nanostructure is a favorable way 
of making the C-S-H matrix stiffer. Increasing packing density, the 
cohesion and shear friction coefficient is effective in making the C-S-H 
matrix stronger. However, increasing packing density also makes the 
material response more brittle. 

 

DISCLAIMER: The contents of this report are not to be used for advertising, publication, or promotional purposes. 
Citation of trade names does not constitute an official endorsement or approval of the use of such commercial products. 
All product names and trademarks cited are the property of their respective owners. The findings of this report are not to 
be construed as an official Department of the Army position unless so designated by other authorized documents. 
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1 Introduction 

1.1 Background 

High Performance Concrete (HPC) material has high unconfined 
compressive strength ranging from 150 MPa to 400 MPa (30 ksi-60 ksi) 
and was experimentally demonstrated to be effective in thin-walled panels 
for force protection structural components (Cargile et al. 1993). To explore 
the potential of this material fully for use in warfighting efforts, it is 
important to develop effective and high-fidelity numerical simulation tools 
to model the material under extreme loads such as impact and 
penetration. HPC is a highly heterogeneous material. Its microstructure 
consists of hydrated cement paste, unhydrated cement particles, fine 
aggregates, steel or polymer fibers, and disconnected pores with sizes 
ranging from hundreds of nano-meters to a few nano-meters (Gatty et al. 
2001). Calcium-Silicate-Hydrate (C-S-H) is the most important phase in 
the paste of HPC, accounts for up to 60 percent in volume in the hydrated 
cement paste, and is the glue that holds together all the components in the 
HPC (Dejong and Ulm 2007). Despite its dominate role in concrete, the 
material behavior and underlying failure mechanisms of C-S-H are poorly 
known. Therefore, studying the underlying failure mechanisms and 
material behavior of C-S-H is essential in modeling the HPC performances 
under impact and penetration loading conditions.  

Based on experimental data from Atomic Force Microscope (AFM; Nonat 
2004), small angle neutron scattering (SANS; Allen et al. 2007), 
Transmission Electron Microscope (TEM; Richardson 2004), and 
nanoindentation (Constantinides and Ulm 2007), the elementary building 
blocks of C-S-H are believed to be negatively-charged nanoparticles. Each 
C-S-H nanoparticle consists of C-S-H solid phase and chemically-bounded 
interlayer water (Allen et al. 2007).  The C-S-H solid phase does not have a 
well-defined stoichiometry and may have tobermorite-like and jennite-like 
molecular structures (Nonat 2004). There is bulk water at the nanopores 
between nanoparticles and adsorbed water on the surface of C-S-H 
nanoparticles (Allen et al. 2007). The morphology of C-S-H nanoparticles 
is also ill defined.  Gauffinet et al. (1998) suggested that C-S-H gels had 
lamellae-type morphologies with lamellae sizes of approximately 60 nm by 
30 nm by 5 nm. Richardson (2004) and Jennings (2000, 2007) suggested 
that the morphology of C-S-H gels are globular with average diameters of 
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approximately 5 nm. The latest atomic simulations of the molecular 
structure of C-S-H (Pellenq et al. 2009) suggest that C-S-H molecular 
structures include silica monomer, silica chain chunks, and infinite silica 
chains, which perpetuate a C-S-H morphology and include possible long 
slender particles and globular-like particles. 

Experiments (Constantinides and Ulm 2007) also suggest that C-S-H gels 
are packed into two different packing densities (low-density and high-
density C-S-H) in the cement matrix. The nanoindentation experiments 
performed by Ulm et al. (2007) suggest that C-S-H behaves as a nano-
granular medium, and both the elastic modulus and hardness of bulk C-S-
H depends on the packing density of C-S-H gels. Jennings (2000) suggests 
that packing densities of low-density and high-density C-S-H are 
approximately 0.63 and 0.76, respectively. The statistic nanoindentation 
tests by Ulm et al. (2007) also show two distinctively different ranges of 
elastic modulus and hardness.  

C-S-H nanostructure is characterized by a very high surface-area-to-
volume ratio that promotes the interaction with water to provide cohesion 
for the C-S-H nanostructure (Pellenq et al. 2004, 2008). Gmire et al. 
(1998) further suggest that an ionic covalent bonding force exists between 
C-S-H solid layers. They also suggest that the interparticle forces between 
C-S-H nanoparticles might include mainly physical type bond forces 
(London vander Waals type) and less dominate chemical forces (ionic 
covalent type). 

1.2 Research objectives 

The Discrete Element Method (DEM; Cundall 1971) was used to 
investigate how well the structural characteristics and inter-particle forces 
proposed in the literature are consistent with physical properties 
measured in nanoindentation experiments. The structure of the C-S-H 
matrix is assumed to have a simple form with each C-S-H nanoparticle 
treated as a rigid particle that deforms at the contacts and interactions 
between nanoparticles driven by multiple interparticle forces. Monte Carlo 
(MC) simulations were performed to study the ionic correlation forces 
between ions in the nanopores and nanoparticle virtual nanoindentation 
simulations, and the results were compared to the experimental data 
(Constantinides and Ulm 2007) to correlate and validate the model.  
Failure mechanisms and constitutive relations of C-S-H at the submicron 
and micron scales were obtained by applying different loads to the discrete 
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element models of C-S-H nanoparticles. This information can then be 
incorporated into a finite element model as a matrix of cement paste at 
microscales.  Those models can then be linked further to the mesoscale 
models. The ultimate goals are to understand how to improve the 
mechanical performance of the C-S-H material and provide a 
micromechanical interpretation to the constitutive laws that are used in 
blast and penetration simulations that include consideration of 
nanostructures, microstructures, and mesostructures of HPC. Figure 1 
illustrates the research framework. 

 
Figure1. A schematic of the research framework. 
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2 Discrete Element Modeling of C-S-H 

2.1 Introduction 

C-S-H nanoparticles are small-sized with the smallest dimension on the 
order of 5 nm (Jennings 2000 Richardson 2004), and are separated by 
water molecules in the C-S-H matrix.  Material behavior is generally size-
dependent (Horstemeyer et al. 2001).  For example, research results (Shan 
et al. 2004) show that the plastic deformation mechanism of 
nanocrystalline nickel is mainly grain-boundary meditated, which includes 
grain-boundary sliding and grain rotation.  Sen and Buehler (2009) also 
showed that few dislocation activities are present inside the nanocrystals 
under deformation because of geometric confinement imposed by the 
small size of the nanocrystals relative to the size of flaws. Similar examples 
come from studies of geologic materials (Anandarajah 1994).  Research 
results from Yao and Anandarajah (2003) suggest that material behavior 
of clay depends on the arrangements and interactions between particles. 
The research on nanocrystalline materials points to a deformation 
mechanism similar to granular-type materials, in which deformation is 
controlled by the interaction between grains instead of deformation inside 
grains.   

The Discrete Element Method (DEM) was used to model granular 
materials at the particle level as opposed to a continuum representation 
and was used successfully to study soils (Anandarajah 1994) and clays 
(Yao and Anandarajah 2003).  In DEM models, the particles only deform, 
slide, and rotate at inter-particle contacts. The main parameters of DEM 
models are the shapes and sizes of the particles, the packing arrangement 
of particles, and interparticle forces between particles. In regular granular 
material models, interparticle forces usually include only contact forces.  
To model C-S-H nanostructure, nano-meter-scale forces, such as ionic 
forces and van der Waals forces, need to be included as well. The shape of 
C-S-H nanoparticles is still in debate.  In the analyses reported here, 
spheres were used with nominal diameters of 5 nm to represent C-S-H 
nanoparticles for simplicity in corresponding to approximate globular 
morphology suggested by Jennings (2000 2007) and Richardson (2004).  
Rotational stiffness was applied in the model to account for resistance of 
rotations caused by the differences between perfect spheres and the actual 
globular shape.  The packing arrangements of C-S-H nanoparticles depend 
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on particle sizes and shapes.  In this work, the nanoparticles were 
arranged randomly with a packing ratio of approximately 0.64 to model a 
low-density C-S-H and with a packing ratio of 0.74 to model a high-
density C-S-H. This facilitated comparing the results to the 
nanoindentation experimental results by Ulm et al. (2007). A random 
packing of 0.56 was also modeled. To study the feasibility of the DEM 
models of C-S-H nanostructure, a virtual nanoindentation model was 
constructed that included a Berkovich indenter represented by rigid 
elements and particle assemblies to represent the C-S-H specimens. 
Virtual nanoindentation tests were performed and the force versus 
displacement curves was extracted from the simulations. The indentation 
elastic modulus and hardness were then evaluated and compared to the 
experimental results (Constantinides and Ulm 2007). 

2.2 An overview of nanoindentation tests 

Figures 2 and 3 show a typical schematic of indentation force/depth 
curves and the cross section of the indenter. In nanoindentation 
experiments, the quantities that are related to the mechanical properties of 
the specimens are indentation hardness and indentation elastic modulus, 
both of which can be extracted from the indentation force versus 
indentation depth curves.  Based on Ulm et al. (2007), the indentation 
elastic modulus is calculated as: 

 cA

S
M

2




  (1) 

 
max

)( hdh

dP
S 

 

The indentation elastic modulus M  is related to the elastic modulus of the 
indented material by: 

 
21 


E

M
  (2) 

where E  is the Young’s modulus of the indented material, and   is 
Poisson’s ratio of the indented material. Based on Ulm et al. (2007), the 
indentation hardness of the specimen is calculated as: 
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 cA

P
H max

  (3) 

where cA corresponds to the projected contact area. For an ideal Berkovich 
indenter, Ac is calculated as: 

 
296.23 cc hA    (4) 

and ch is calculated as: 

 )(75.0 maxmax rc hhhh   (5) 

 
max

)( hdh

dP
S 

is calculated by 

 
m

phhbP )(    (6) 

where b and m are parameters fitted from the unloading part of 
indentation force versus depth. When fracture and cracking occur in the 
indented material, there is a step in the force-displacement curve.  This 
step is called pop-in.  Figure 4 shows a force-displacement curve with a 
pop-in. 

 
Figure 2. A schematic representation of the cross section of the indenter where “a” 

represents the indenter, “b” represents the surface of residual plastic indentation depth in 
the test specimen, and “c” represents the surface of the specimen at maximum depth . 
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Figure 3. A typical force versus depth indentation curve where “ac” is the 

loading curve, “bc” is the unloading curve, and “cc” is tangent to curve “bc” 
at maximum load. 

 
Figure 4. A step, called pop-in, in the force-displacement curve from a 

nanoindentation test that corresponds to a crack formation in the 
indented material. 
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2.3 Nanoindentation tests of C-S-H 

Concrete is a composite material with heterogeneities at multiple-length 
scales. C-S-H is one of the constituents in the composite.   Because C-S-H 
phases are embedded among other phases such as aggregates and calcium 
hydroxides, special techniques were adopted to perform the 
nanoindentation tests on C-S-H phases.  Mondal et al. (2006) used an 
Atomic Force Microscope (AFM) to indentify the C-S-H phases and then 
applied the nanoindenter on the C-S-H phase to develop the 
load/displacement curves of C-S-H. Figure 5 shows the indentation 
force/indentation depth of C-S-H in a hardened cement paste sample 
performed by Mondal et al. (2006). Constantinides et al. (2003, 2007) 
used a statistical approach to apply large number of indents on the cement 
paste and then applied a deconvolution algorithm to extract the elastic 
modulus and hardness of two types of C-S-H phases. Sorelli et al. (2008) 
also used the statistical nanoindentation test approach to determine the 
elastic modulus and hardness of C-S-H phases in ultra-high performance 
concrete.  Allison et al. (2011) adopted the statistical nanoindentation test 
approach to study the elastic modulus and hardness of C-S-H at the 
impact zone of a dynamically loaded reactive powder concrete panel.  
Davydov et al. (2011) examined statistical indentation techniques and 
found that the probed elastic modulus and hardness of C-S-H depended 
strongly on the indentation depth and that care was needed in choosing 
the indentation depth. 

 
Figure 5.  Load displacement curves from nanoindentation tests on C-S-

H phases and quartz in hardened cement paste samples. 
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2.4 Discrete Element Method (DEM) 

The DEM models granular materials as individual particles that interact 
through contact forces. The computation proceeds for each particle by 
summing the forces and moments at contacts and time integrating 
Newton’s second law to obtain the particle’s new location. The problem is 
highly non-linear, which dictates an explicit form of integration to be used 
that makes the simulations time consuming for large models. Memory 
considerations also limit the size of models. In practice, model size is 
limited to dimensions corresponding to a few hundred thousand particles. 
Thus, although the DEM is ideal for granular materials, the range of scales 
that can be explicitly accommodated is small. Generally, the method is 
used to investigate fundamental material behavior, which is the purpose of 
the work documented in this report. 

In this work, the interactive forces between particles include contact 
forces, van der Waals forces, and ionic correlation forces. Because the 
particle size is in the nano-meter range, gravity force is very small relative 
to these other forces and is ignored. The velocity of each particle is 
computed from Newton’s second law: 

 
 
 



 N

j

N

j
eij

N

j
vijfij

N

j
nij

i
i FFFF

t

v
m

1 111   (7) 

where im is the mass of particle i, iv  is the velocity of particle i, nijF
is the 

contact normal force applied on particle i by neighboring particle j, fijF
is 

the friction force between particle i and neighboring particle j, vijF
is the 

van der Waals forces between particle i and neighboring particles, j, and

eijF
is the ionic forces between particle i and neighboring particles j.  N is 

the number of contacts.   

The rotation of each particle is similarly defined as: 

 
 
 



 N

j

N

j
ijifij

i
i MrF

t
I

1 1



 (8) 

where iI  is the mass moment of inertia of particle i, i is the rotational 

velocity of particle i, ir is the radius of the particle i, and ijM
is the rolling 
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resistance applied on particle i at the contact with an adjacent particle or 
object j.  Note that, although the rolling resistance is small for spherical 
particles, it is included in the C-S-H model to parametrically account for 
non-spherical shapes without sacrificing the simplicity of contact detection 
for ideal spheres. 

2.5 Interparticle forces 

2.5.1 C-S-H bonding force 

2.5.1.1 Introduction 

A necessary step in the modeling is the evaluation of the bonding force 
that provides cohesion for C-S-H and concrete in general.  Research 
results (Gmira et.al 2004, Pellenq et al. 2008) suggest that short- and 
medium-range surface forces, mediated by partially or totally hydrated 
calcium ions and with additional contribution of van der Waal’s force, 
provide cohesion for the cement paste. Gmira et al. (2004) also suggest 
that the short-range surface force might correspond to the cohesion 
between inter-C-S-H lamellae, and the medium-range surface force might 
correspond to the cohesion between C-S-H lamella or stacks of lamellae. 
The medium-range force corresponds to the ionic correlation force. 
Furthermore, the medium-range surface forces might dominate the short-
range surface forces. The medium-range surface force may be calculated 
by Monte Carlo (MC) simulations using two possible idealizations, i.e., one 
in which ions are treated as point charges or as charged hard spheres. 
Using either method, the C-S-H nanoparticle surface is applied with 
smeared surface charges, and no atomic details are present.   A number of 
studies (Jönsson et al. 2005, Plassard rt al. 2005) showed that the 
medium-range forces are attractive when there are a large number of 
divalent ions in the confined solution due to ion-ion correlations, a finding 
supported by Atomic Force Microscopy (AFM) experiments (Plassard et al. 
2005).  

The short-range surface force may be calculated by atomistic simulations 
with atomic details of the surface of C-S-H nanoparticle included. Gmira et 
al. (1998) performed energy minimization on a Hamid-type Tobermorite-
like C-S-H and found that the attractive force is 100 times larger than the 
medium-range force calculated by Monte Carlo (MC) simulations.  Based 
on a later publication by Pellenq et al. (2008), both short- and medium-
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range forces described earlier might be responsible for the bonding of 
C-S-H.  

MC simulations reported in Jönsson et al. 2005 and Plassard et al. 2005 
were performed with C-S-H nanoparticle surfaces represented by two flat 
plates.   In the work reported here, the globular morphology was initially 
assumed, and C-S-H nanoparticles were represented by spheres with 
diameters of approximately 5 nm, as suggested by Jennings (2000).  In the 
next section in this chapter, an assumption was applied for all medium-
range surface forces in the model. In the next chapter, the effects of the 
bonding force were expanded to include short-range surface forces by 
increasing the bonding force calculated from MC simulations.  In the 
future, when a more accurate picture of the morphologies of C-S-H 
nanostructure is obtained, the bonding forces should be calculated based 
on the distance between individual C-S-H lamellae or stacks of lamellae 
and the shape of the C-S-H lamellae. 

Because of the size of C-S-H nanoparticles, van der Waals forces cannot be 
ignored. The van der Waals attractive forces are another part of bonding 
forces and are calculated in this work by using Hamaker’s equations for 
spherical particles. 

2.5.1.2 Monte Carlo (MC) simulations of C-S-H medium-range surface forces 

The MC simulations of a pair of charged spherical C-S-H nanoparticles 
were based on Wu and Prausnitz (2002). The simulation box is a 20-nm 
cube.  The charged nanoparticle was represented by hard spheres with a 5-
nm diameter and was placed in the diagonal direction in the simulation 
box.  Jonsson et al. (2005) showed that the pore solution of late cement 
paste had ion concentrations of 20 mM of  Ca2+ and 40 mM of OH- and PH 
levels from 12.5 to 14, which correspond to surface charge densities of 
approximately 0.16-0.57 C/m2. Ions were represented by hard spheres 
with diameters of 0.4 nm (Jonsson et al. 2005). The water was 
represented by a dielectric constant.  The energy in the system included 
pair potentials between ion species and charges on the nanoparticles, 
which is given by: 

 r
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ij

qq
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  (9) 
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)( ijr

, otherwise 

where ijr
represents the distance between the center of the ions or 

nanoparticles, id and jd
represent the ion and nanoparticle diameters, 

respectively, iq and jq
are the charges of ions and nanoparticles, 

respectively, 0  is the electric permittivity of a vacuum, and r is the 
relative dielectric permittivity of water. Periodic boundary conditions were 
applied in the simulation, and the Ewald summation (Ewald 1921) was 
applied to account for long-range electrostatic interactions. At each 
separation between two nanoparticles, MC simulations were performed to 
find equilibrium configurations when energies are minimized. Figure 6 
shows a snapshot of C-S-H nanoparticle and ion species at an equilibrium 
configuration. 

 
Figure 6. MC simulation result showing that the calcium ions 

accumulate between negatively-charged C-S-H nanoparticles. The 
large blue particles represent the C-S-H nanoparticle, small red 
particles represent the calcium ions, and small green particles 

represent hydroxyl ions. 

After the ion species reach an equilibrium state, the average force between 
two nanoparticles surrounded by pore solutions is then calculated as: 
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where MM  represents the pair potential between two nanoparticles, iM

represents the pair potential between nanoparticles and ion species, and 
)(rFhs

represents the average collision force between nanoparticle and ion 
species. This last term is calculated as: 
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  (11) 

where K is Boltzmann’s constant, T is absolute temperature, and CN  is the 
average number of collisions between nanoparticle and ion species with a 
small variation of distance of nanoparticles, r . 

Figure 7 shows the average ionic correlation force between two 
nanoparticles versus gaps between the nanoparticles for different charging 
densities. The gap between two nanoparticles is the shortest distance 
between the surfaces of the nanoparticles. The force between 
nanoparticles due to ion correlations changes from repulsion to attraction 
with increased surface charging density at a gap of approximately 0.5 nm, 
which agrees with the experimental results (Plassard et al. 2005). 

 
Figure 7. Monte Carlo simulation results showing the average ionic correlation force 

between two nanoparticles in pore solutions versus the gap between two nanoparticles at 
different surface charging density. 
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2.5.1.3 Van der Walls force 

Van der Waals forces are attractions between molecules. The energy of 
interaction between two small particles containing p atoms per cm3 is 
given by: 

 

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2

1

1

vV r

p
dvdvE



  (12) 

where 1dv , 2dv , 1V , and 2V  are volume elements and total volumes of the 

two particles, r is the distance between 1dv  and 2dv ,and   is the London-
Van der Waals constant. Based on Hamaker (1937) for two spherical 
particles, the energy can be described as: 
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where h  is the shortest distance between the surfaces of two 

nanoparticles, 1d  and 2d  are the diameters of two nanoparticles, and A is 
Hamaker’s constant.   

The van der Waals force between two nanoparticles is then described as: 

 h

E
Fv 




 (13) 

Based on Jonsson et al. (2005), Hamaker’s constant for C-S-H was chosen 
to be 10-20J. Figure 8 shows the van der Waals force versus gap between a 
pair of C-S-H nanoparticles. 
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Figure 8. Van der Waals force versus gap between a pair of C-S-H 

nanoparticles. 

2.5.2 Normal contact force 

When two particles are in contact, a normal contact force is developed 
between them.  In this work, an elastic Hertzian contact law was used to 
compute contact forces acting in the direction of the contact normal 
vector. Figure 9 shows the schematic of two spheres in contact. 

 
Figure 9. A schematic of two spheres in contact. 
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The normal contact force is defined as: 

 3

4 2/32/1 hrE
F cc

n 
  (14) 

where h is the penetration of the spheres in contact, and cr  is the 
equivalent radius defined as: 

 21
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  (15) 

where r1 and r2 represent the radius of the respective contact particles.  

cE  is the equivalent Young’s modulus defined as: 
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  (16) 

where E1 and E2 are the elastic modulus of each contact particle, and ν1 
and ν2 are the Poisson’s ratio of each contact particle. In this model, all the 
particles have the same elastic modulus and Poisson’s ratio. 

2.5.3 Net normal force 

The interparticle forces are very complex at the nano-meter range. 
According to Feiler et al. (2000) at short ranges (less than 0.5 nm), the 
Born repulsion takes effect, which is the origin of the mechanical contact 
force.  In this work, it was assumed that the mechanical contact force takes 
effect when the gap between two nano-particles was within 0.45 nm, 
which is slightly larger than the ion diameter. Within this range, the 
mechanical contact force dominates, and the van der Waals force and ionic 
force are set to remain constant.   When the gap between nano-particles 
exceeds 0.45 nm, the net force becomes attractive, and ionic attractive 
forces dominate.  Based on the calculation results and equations from 
previous sections, the individual forces and net forces versus distance 
between two particles are calculated and plotted in Figure 10. 
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Figure 10.  The normal interparticle forces versus gap between two nanoparticles. 

Figure 11 shows that the van der Waals attractive force is much smaller 
than the ionic attractive force; thus the ionic attractive force is responsible 
for the cohesion.  Figure 11 also shows that the equilibrium position of the 
particles is about 0.44 nm. When the gap between nano-particles is 
smaller than this value, the net force is repulsive, and mechanical contact 
force and friction force dominate. When the gap between nano-particles 
exceeds this value, the net force becomes attractive, and ionic attractive 
forces dominate. 

2.5.4 Tangential contact force 

Tangential contact forces occur between C-S-H nanoparticles. The 
tangential contact force is defined at time ti+1 as: 

 
tKFF tfif i




v
1   (17)  

where tv  is the relative velocity of the two objects at the contact point in 
the plane perpendicular to the normal contact direction, K is a stiffness 

constant set in the tangential direction, and t  is the time interval. The 
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absolute value of the tangential force is limited by the maximum friction 

maxF  force defined as: 

 snf fFF 
max  (18) 

where sf is the friction factor. The friction factor is equal to either the 
static friction factor fs if no sliding occurs or the dynamic friction factor fd 
if sliding occurs.  Sliding is activated when the force predictor first exceeds

sn fF . Sliding continues when the force predictor remains greater than

dn fF .  Sliding stops when the force predictor becomes smaller than dn fF .  
In our simulations, the dynamic friction factor is slightly lower than the 
static friction factor. 

2.5.5 Rolling contact resistance 

Rolling contact resistance is used to include the effects of non-spherical 
shapes for objects that are simulated using perfectly spherical particles.  
The rolling resistance moment is defined as: 

 tKMM rMii  ω1  (19) 

The parameter KM is a rotational stiffness.  The rolling resistance 1iM  
cannot exceed a maximum value defined by: 

 Rn fdFM max  (20) 

where Fn is the normal contact force, d is the distance between the centers 
of the two particles in contact, and fR is a “friction” coefficient for rolling. 
At variance to the other forces acting at contacts, rolling resistance is 
difficult to quantify because it is not an intrinsic property of the material 
but rather a device to capture the effect of particle shape. In this paper, the 
rolling resistance was used to investigate the importance of particle 
rotation to the overall nano-indention resistance. Initially, a small 
rotational stiffness of 1e-4 nN.nm/rad was used to model spherical 
particles. 
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2.6 Particle generation 

C-S-H nanostructure formation involves nucleation and growth of C-S-H 
nano-particles. A complex model accounting for the detailed chemical, 
physical, and atomic process of hydration is required to generate C-S-H 
nanostructure realistically. This type of model has not yet been developed.  
Alternatively, in this study, we generated three packing arrangements to 
represent C-S-H nanostructures whereby the arrangements were 
controlled to have specified packing ratios. Packing ratio is defined as the 
volume fraction of the particles in the simulation domain. The cases 
considered were random loose packing (packing ratio0.56), random 
close packing (packing ratio0.64), and dense close packing (packing 
ratio=0.74). The last two packing arrangements correspond to low-density 
C-S-H and high-density C-S-H, respectively. Generating dense close 
packing is straightforward. To generate random packing, we began by 
placing a cluster of four nano-particles as a nucleus in the middle of a 
controlled volume.  Particles were added one-by-one with each particle 
touching at least three existing particles to form a stable configuration 
until the particles filled the volume. After the particles were generated, the 
inter-particle forces were activated, and dynamic equilibration was 
performed until the energy of the system was minimized. The resulting 
configuration was the final particle configuration before external loads 
were applied. Figure 11 shows three final particle arrangements. The 
specimen size is 700 nm by 700 nm by 150nm. 

 
 (a) (b) (c) 

Figure 11. The particle arrangements for three packing ratios i.e., (a) random packing 
(packing ratio0.56), (b) random packing (packing ratio0.64), and (c) close dense packing 

(packing ratio=0.74). 
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2.7 DEM model set up and parameters 

A  Berkovich indenter was numerically constructed as a rigid element, 
which is a reasonable assumption because the indenter is much stiffer 
than the C-S-H specimens. The radius of the indenter tip was set to be  
5 nm. The tip radius of a realistic nano-indenter normally ranges from 50 
nm to 100 nm, and indentation depth is more than 250 nm. In this study, 
the indentation depth of the DEM simulations was set to be 25 nm because 
of computer resource limitations. Therefore, a tip radius of 5 nm was used 
to minimize the effects of the tip geometry on the indentation modulus 
and hardness.    

Figure 12 shows a C-S-H nano-particle assembly and a Berkovich nano-
indenter. The particle assembly was fixed in all directions on the bottom 
and fixed in the two horizontal directions on the sides of the domain.  The 
virtual indentation was displacement-controlled with a travel speed of  
1 nm/ns.  When the indentation depth reached 25 nm, the indenter was 
retracted completely at the same speed. 

 
Figure12. The C-S-H nanoparticle assembly and the Berkovich indenter in DEM simulations. 

The parameters used in the DEM simulations are summarized in Table 1. 
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Table 1. Parameters used in the initial DEM simulations. 

Input parameters Values 

Diameter of the particles 5 nm (Jennings 2004) 

Density of the particles 2604 Kg/m3 (Allen et al. 2007) 

Elastic modulus of the particles 
(E) 

 57 GPa (Constantinides et al. 
2007) 

Hamaker’s constant A=1.6e-20 Joule (Andandarajah 
and Chen 1997) 

Static friction between particles 0.8 (Feiler et al. 2000) 

Dynamic friction between 
particles 

0.7 

Static friction between indenter 
and particles 

0.3 

Dynamic friction between 
indenter and particles 

0.2 

Rotational stiffness 1e-4 nN.nm/rad 

Electric charging density on the 
surface of C-S-H gel 

0.57 C/m2 (Jonsson et al. 2000) 

Gap for initial contact 0.45 nm (Feiler et al. 2000) 

Gap threshold for van der Waals 
force 

0.45 nm (Feiler et al. 2000) 

 

2.8 Results and discussion 

Figure 13 shows the indentation force versus indentation depth for three 
packing ratios. The indentation force increases with increased packing 
ratio.  For the specimens with packing ratios of 0.56 and 0.64, force-
displacement curves and indentation snapshots show plastic deformation 
during the indentation process. After unloading, there are residual 
pyramid-shaped imprints in the specimens, as shown in Figure 13.  For the 
specimens with a packing ratio of 0.74, the force-displacement curve is 
much steeper than the other two packing ratios, and a force drop occurs at 
the indentation depth of 17 nm that corresponds to crack formation in the 
specimen. After the crack forms, the indentation force flattens while more 
cracks grow, and then drops again as clusters of particles crack apart. After 
unloading, there is a residual imprint, and cracked particle clusters are 
evident. The corresponding snapshots in Figure 13 show the crack 
formation, growth, and cracked particle clusters.  
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In Figure 13, the load-displacement curves for packing ratios of 0.56 and 
0.64 can be used to calculate the indentation hardness. However, the load-
displacement curve for a packing ratio of 0.74 cannot be used because 
fracture occurred during the indentation. Table 2 shows the indentation 
modulus and hardness calculated from the data in Figure 13 and the 
experimental data from Constantinides and Ulm (2007). Table 2 shows 
that the indentation modulus calculated from DEM simulations is only 
about half of the experimental data, and the indentation hardness from 
DEM is almost one order of magnitude smaller than the experimental data 
for a packing ratio of 0.64. 

 
Figure 13. The indentation force versus indentation depth for specimens with packing ratios 
of 0.56, 0.64 and 0.74. The snap shots show the progression of indented particle assembly. 

The color shows the stresses in the vertical direction of the specimen. 
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Table 2. The indentation modulus and indentation hardness calculated from DEM results in 
Figure 14 and experimental results from Constantinides and Ulm, 2007, and Ulm et al. 

2007). 

 Indentation modulus M 
(GPa) 

Indentation hardness H 
(GPa) 

0.56 DEM Exp 
(Constantinides 
and Ulm, 2007; 
and Ulm, et al. 
2007) 

DEM Exp 
(Constantinides 
and Ulm, 2007; 
Ulm, et al. 
2007) 

1.7 8.7 0.02 
 
 
 

0.19 

0.64 5 18.2 2.4  0.086 
 
 
 

0.44 14.0  
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3 Parametric Studies 

3.1 Introduction 

Nanoindentation simulations in the previous chapter showed that both 
elastic modulus and hardness of a C-S-H matrix from simulations are 
smaller than the experimental data (Constantinides and Ulm 2007). In 
this chapter, we investigated the possible reasons for this difference by 
performing parametric studies on different parameters that might affect 
the properties of the C-S-H matrix.  Those studies also helped us look into 
the possible nature of interparticle forces and also provided insight into 
possible ways to improve the properties of the C-S-H matrix. 

3.2 Effects of rotational stiffness 

As described previously, rotational resistance is applied in the models to 
account for the non-spherity of the C-S-H nano-particle. Figure 14 shows 
indentation force versus indentation depth with different applied 
rotational stiffnesses for packing densities of 0.56, 0.64 and 0.74.  Figures 
14(a and b) show that, for packing densities of 0.56 and 0.64, indentation 
forces increase with increased rotational resistance, although force/depth 
curves for these packing densities are all similar with mostly plastic 
deformation and small elastic recovery.  For a packing density of 0.74, the 
force/depth curves and snapshots of the C-S-H nano-particle assembly 
under indentation force in Figure 14(c) show that the force/depth curves 
follow the similar trend until the indentation depth reached about 17 nm. 
When indented further, the specimen cracks under the indentation force 
when rotational resistance is almost zero and small (rotational stiffness=1 
nN.nm/rad), and the specimen doesn’t crack when rotational resistance is 
sufficiently high (rotational stiffness > 10 nN.nm/rad). The force/depth 
curves for rotational stiffnesses higher than10 nN.nm/rad show little 
plasticity and the elastic recovery is large, and three curves with rotational 
stiffnesses higher than 10 nm.nN/rad almost overlap each other. It 
appears that for a packing density of 0.74, sufficient rotational resistance 
can prevent the specimen from cracking. However when the specimen 
does not crack, increasing rotational resistance further has little effects on 
the response of the specimen. 
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The elastic modulus of a C-S-H matrix is calculated from the force/depth 
curves in Figure 15 and Equations 1-6 and is plotted in Figure 15, which 
shows that the elastic modulus of C-S-H matrix increases drastically as 
rotational stiffness is increased from 1e-4 to 1 nN.nm/rad. Above  
1 nN.nm/rad, a much smaller increase occurs in the computed elastic 
modulus. Figure 15 also shows that for packing densities of 0.56 and 0.64 
and with rotational stiffness greater than 1e-4 nN.nm/rad, the elastic 
modulus of the C-S-H matrix computed from simulations agree well with 
values computed from the experiments. For a packing density of 0.74, the 
elastic modulus of a C-S-H matrix computed from simulations are slightly 
higher than the range from the experiments for the C-S-H matrix with 
comparable packing density when rotational stiffness is greater than 10 
nN.nm/rad. Note that elastic modulus was not extracted from force/depth 
curves in Figure 14(c) for a rotational stiffness of 1e-4 and 1 nN.nm/rad 
because cracks formed prior to the unload phase of the simulation. 

Figure 16 shows the hardness of the C-S-H matrix versus the rotational 
stiffness. The hardness for different applied rotational stiffnesses and 
packing densities are calculated based on the force/depth curves in Figure 
14. The experimental data from  Constantinides and Ulm (2007) are also 
plotted for comparison.  Figure 16 shows that the hardness of C-S-H 
matrix from simulations increases drastically when the rotational stiffness 
increases from 1e-4 to 1 nN.nm/rad for packing densities of 0.56 and 0.64. 
However, little increase in hardness occurs when the rotational stiffness 
increases further. Moreover, for rotational stiffnesses greater than 10 
nN.nm/rad, the hardness of C-S-H matrix from simulations agrees well 
with experimental data for comparable packing densities. 
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Figure 14. Indentation force versus indentation depth for different rotational stiffness while 

other parameters stay constant for (a) Packing ratio of 0.56, (b) Packing ratio of 0.64, and (c) 
packing ratio=0.74. 
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Figure 15.  Elastic modulus of C-S-H matrix from simulations 

increases drastically when the rotational stiffness is increased 
from 1e-4 to 1 nN.nm/rad for packing densities of 0.56 and 0.64.  

However, little increase occurs when the rotational stiffness is 
increased further. 
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Figure16. The hardness of C-S-H matrix from simulations 

increases drastically when the rotational stiffness increases from 
1e-4 to 1 nN.nm/rad for packing densities of 0.56 and 065 while  
little increase in hardness is seen when the rotational stiffness is 

increased further. 
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3.3 Effects of normal cohesive force 

Research from Gmira et al. 2004 and Pellenq et al. 2008 suggests that 
short-and medium-range surface forces, mediated by partially or totally 
hydrated calcium ions and with the additional contribution of van der 
Waal’s force, provide cohesion for the cement paste. In our MC 
simulations, we only considered van der Waals forces and the ionic 
correlation force that is medium-range surface forces. To explore the 
possible bonding mechanisms between C-S-H nano-particles, the 
possibility was considered of an inter-particle normal cohesive force that is 
in addition to van der Waals forces and ionic correlation forces by varying 
the maximal normal cohesive force between nano-particles. The maximal 
normal cohesive force will be simply referred to as the normal cohesive 
force in the remainder of this paper. All other parameters are the same as 
listed in Table 1. 

Figure 17 shows the indentation force P versus indentation depth H with 
various normal cohesive forces for a packing ratio of (a) 0.56, (b) 0.64, and 
(c) 0.74. For packing ratios of 0.56 and 0.64, Figures 17(a and b) show that 
increased normal cohesive force leads to steeper force versus depth curves 
along with higher forces at the maximal depths.  For a packing ratio of 
0.74 when the maximal normal cohesive force is doubled to 0.38, the 
specimen did not crack but also displayed little plasticity. The indention 
curves become steeper with increased normal cohesive force.  

The elastic modulus of C-S-H matrix that was estimated from the 
force/depth curves in Figure 17 is plotted in Figure 19. The experimental 
data from Constantinides and Ulm (2007) are also plotted for comparison. 
Figure 18 shows that the elastic modulus of C-S-H matrix increases with 
increased normal cohesive force. The increase in elastic modulus is steeper 
when the normal cohesive force doubled to 0.38 nN and becomes less 
steep when the cohesive force increases further. Figure 18 shows that the 
increase in elastic modulus is higher for higher packing densities and that 
the elastic modulus of C-S-H matrix from the simulations agrees with 
experimental data for packing densities of 0.56 and 0.64 and is higher 
than the experimental data for a packing density of 0.74 when the normal 
cohesive force is doubled to 0.38 nN from the ionic correlation force 
estimated from Monte Carlo simulations. 

The hardness of C-S-H matrix was also estimated from the indention 
curves in Figure 17 and is plotted in Figure 19. The experimental data from 
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Constantinides and Ulm (2007) are also plotted for comparison. Figure 19 
shows that the hardness of C-S-H matrix increases with increased 
maximal normal cohesive force. The increase in hardness is steeper when 
the normal maximal cohesive force is doubled to 0.38 nN and become less 
steep when the maximal normal cohesive force increases further. Figure 19 
shows that the increase in hardness of C-S-H matrix is higher for higher 
packing densities and that the hardness of C-S-H matrix from simulations 
is lower than the experimental data for packing densities of 0.56 and 0.64 
and slightly higher than the experimental data for a packing density of 
0.74. However, the magnitude of hardness approaches the experimental 
data when the normal cohesive force is less than 10 times of the ionic 
correlation force estimated from Monte Carlo simulations, which is much 
smaller than the two order of magnitude increase of ionic covalent 
bonding force estimated by atomistic simulations (Pellenq et al. 2008). 
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Figure 17. Indentation force versus indentation depth for various normal cohesive forces, 

keeping other parameters as they are listed in Table 1 for (a) Packing ratio=0.56, (b) Packing 
ratio=0.64, and (c) packing ratio=0.74. 
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Figure 18. Elastic modulus of C-S-H matrix estimated from the data 

in Figure 17. 
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Figure 19. Hardness of C-S-H matrix estimated from the data in 

Figure 17. 

3.4 Effects of sliding friction coefficient 

As described in section 2.5.4, the tangential force is limited by the sliding 
friction coefficient, which is supported by the fact that the strength of 
cement-based materials is pressure-dependent.  In this study, we varied 
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the sliding friction coefficient to study the effects of sliding friction 
coefficient on the properties of C-S-H matrix.  

Figures 20 (a and b) show that, for packing densities of 0.56 and 0.64, the 
force/depth curves become steeper with increased sliding friction 
coefficient, and the indentation force at maximum indentation depth is 
higher.  Figure 20 (c) shows that the force/depth becomes steeper with 
increased sliding friction coefficient, but all three curves suggest crack 
formation during indentation process. 

The elastic modulus of C-S-H matrix estimated from the force/depth 
curves in Figures 20 (a and b) is plotted in Figure 21. Figure 21 shows that 
the elastic modulus of C-S-H increases with increased sliding friction 
coefficient, and the increase is higher for higher packing densities. Figure 
21 also shows that, with little rotational resistance and ionic correlation 
force from Monte Carlo simulations, the elastic modulus of C-S-H matrix 
from simulations with very high sliding friction coefficients are still lower 
than the experimental results from Constantinides and Ulm (2007).  
Evidently, either higher rotational resistance or higher cohesive normal 
force, or both, are required in the model to produce the observed stiffness 
of the C-S-H matrix for the comparable packing densities.  Increasing 
sliding friction coefficient also makes the C-S-H matrix stiffer. 

The hardness of C-S-H matrix estimated from force/depth curves in 
Figure 20 (a and b) is plotted in Figure 22. Figure 22 shows that the 
hardness of C-S-H matrix increases with increased sliding friction 
coefficient. The increase is higher for higher packing density. Figure 22 
also show that the hardness from simulations is much lower than the 
experimental data (Constantinides and Ulm 2007),  for both packing 
densities of 0.56 and 0.64, which also indicates that higher rotational 
resistance or higher normal cohesive force is required in the model to 
produce the strength of C-S-H matrix from experimental results. 



ERDC/GSL TR-12-30 33 

 

 

 

 
Figure 20. Indentation force versus indentation depth for different values of sliding friction 
coefficient, while other parameters stay the same as that listed in Table 1, for (a) Packing 

ratio=0.56, (b) Packing ratio=0.64, and (c) packing ratio=0.74. 
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Figure 21. Elastic modulus of C-S-H matrix estimated from the data in 

Figure 20. 
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Figure 22. Hardness of C-S-H matrix estimated from the data in 

Figure 20. 

3.5 Effects of elastic properties of C-S-H nanoparticles 

Pellenq et al. (2008) studied the elastic properties of C-S-H nano-particles 
by using atomistic simulations and found the estimated elastic modulus to 
be about 57 GPa. Other researchers (Manzano , et. al,2009) got similar 
results.  
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The sensitivity analysis for particle elastic properties evaluated the effect 
of elastic properties of individual C-S-H nano-particles on the properties 
of the C-S-H matrix. The analysis used the value of 57 GPa given in Table 1 
by considering two higher values (89 GPa and 160 GPa) for the elastic 
modulus of C-S-H nano-particles. In these sets of simulations, the other 
parameters in Table 1 remained unchanged. Figure 23 shows that the 
indentation force/ indentation depth curves are very close for packing 
densities of 0.56 and 0.64, and that the force/depth curves follow each 
other until cracks form for a packing density of 0.74. The maximum force 
is higher with increased particle elastic modulus. 

The elastic modulus of C-S-H matrix estimated from force/depth curves in 
Figures 23 (a and b) is plotted in Figure 24. Figure 24 shows that the 
elastic modulus of C-S-H matrix is almost unchanged with increased 
particle elastic modulus for a packing density of 0.56, although it increases 
with increased particle elastic modulus for a packing density of 0.64. 

The hardness of C-S-H matrix estimated from Figure 23 is plotted in 
Figure 25. Figure 25 shows that the hardness of C-S-H matrix is almost 
unchanged with increased particle elastic modulus. 

Figures 24 and 25 indicate that the C-S-H matrix is stiffer but not stronger 
if the particle elastic modulus is increased. 
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Figure 23. Indentation force versus indentation depth for different particle elastic moduli, 

while other parameters stay the same as that listed in Table 1, for (a) Packing ratio=0.56 (b) 
Packing ratio=0.64, and (c) packing ratio=0.74. 
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Figure 24. Elastic modulus of C-S-H matrix estimated from the data in 

Figure 23. 
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Figure 25. Hardness of C-S-H matrix is estimated from the data in 

Figure 23. 

3.6 A summary of the effects of different parameters on C-S-H 
matrix properties 

In the previous sections, the effects of rotational resistance, normal 
cohesive force, sliding friction coefficient, and particle elastic modulus on 
the elastic modulus and hardness of C-S-H matrix were discussed. To 
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develop a parameter space in which to improve the material properties of 
C-S-H matrix, the normalized increases in elastic modulus and hardness of 
C-S-H matrix were plotted with respect to the normalized increases in 
packing density, rotational stiffness, cohesive normal force, sliding friction 
coefficient, and particle elastic modulus in Figure 26. Figure 26 only 
includes the results for a packing density 0.64, which corresponds to the 
packing density of low-density C-S-H because the results for a packing 
density 0.74 show crack formation. The x and y coordinates in Figure 26 
were estimated from those in Figures 15, 16, 18, 19, 21, 22, 24 and 25. 

 For the increase in packing density, the rotational stiffness was chosen to 
be 10 nN.nm/rad while other parameters in Table 1 remained unchanged 
except for packing density. A perusal of the Figure 25 indicates the 
following. 

• Increasing packing density has the greatest effects on both elastic 
modulus and hardness of C-S-H matrix.   

• Increasing particle elastic modulus has little effects on the hardness of 
C-S-H matrix but has moderate effects on the elastic modulus of C-S-H 
matrix.  

• Increasing the rotational stiffness has the least effects on both elastic 
modulus and hardness of C-S-H matrix.  

• Increasing cohesive normal force or sliding friction coefficient have 
moderate effects on the elastic modulus and hardness of C-S-H matrix. 

The inordinate effect of packing density is likely the result of the increase 
in load-carrying inter-particle contacts that leads to a spreading of the 
load. Thus, making more efficient use of contact resistance by increasing 
the solid density appears to be more efficient than attempting to increase 
the contact strength or particle stiffness. The analysis does suggest that 
normal cohesive forces above those predicted from van der Waals and 
ionic correlation forces are probably present in C-S-H as suggested by 
Pellenq et al. (2008). Although some rolling resistance is necessary in the 
model to account for the likely non-spherical particle shapes, increasing 
rolling resistance by changing particle morphology is an inefficient 
approach to improving properties of C-S-H matrix. However, to the extent 
that changing morphology improves the inter-particle contacts or 
continuity, morphology can play a key role in improving C-S-H strength. 
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Figure 26. The normalized increase in elastic modulus and hardness versus the normalized 

increase in packing density, cohesive force, sliding friction coefficient, rotational stiffness and 
particle elastic modulus. 

3.7 Conclusion 

A parametric study was performed to study the effects of C-S-H 
nanoparticle morphology, interparticle forces, and particle properties on 
the elastic modulus and hardness of C-S-H matrix. The results show that 
increasing packing density is the most effective way to increase the 
stiffness and strength of C-S-H matrix. Ways to improve efficiency of load 
transfer through the nano-granular matrix through increased density of 
particle morphology appear to be more efficient than attempting to 
improve inter-particle resistance or particle stiffness. 
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4 Summary 

Nanoindentation of C-S-H matrix material was modeled using the DEM 
method.  Initial simulations based on the best estimate of material 
parameters showed good agreement with trends in the experimental data. 
However, the magnitudes of elastic modulus and hardness from the 
simulations were consistently lower for all packing densities considered. A 
parametric study was performed to determine which parameters could be 
varied to obtain reasonable agreement between simulation and 
experiment results. The rotational resistance between particles was found 
to be a key parameter because a relatively small additional rotational 
resistance brought the simulated curves more in line with experimental 
curves, yet the effect of rotational resistance quickly diminished for higher 
values. This finding was important because, unlike other parameters used 
in the model, rolling resistance cannot be measured by an independent 
experiment. In effect, the use of rolling resistance attempts to account for 
a geometric effect by endowing the material with a fictitious material 
attribute.  It was anticipated that some rotational resistance was needed to 
make the ideal spheres used in the simulation behave more like the 
globular morphology posited for the actual material. Second, the 
insensitivity of results to large values of rotational resistance means that, 
while some rotation is both expected and effective in bringing the 
simulations in line with experiment results, having an accurate estimate of 
its value is not imperative. The effect of particle shape should be 
investigated in future studies.  

Adding a cohesive normal force term to the interparticle resistance 
increased both the resistance and stiffness of the material. Similarly, 
increasing tangential resistance by an increased friction coefficient 
increased both strength and stiffness. Neither parameter had a large effect 
on elastic modulus and hardness. The particle elasticity had a limited 
effect on the simulation results. 

The packing state had a greater effect on the nanoindentation behavior 
than all other parameters considered. This finding implies that increasing 
the packing state is more effective in increasing the engineering 
performance of C-S-H than attempting to alter composition of the 
particles. 
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